We calculate the current cross-correlation for two weakly interacting mesoscopic conductors. Our derivation is based on the two-particle scattering matrix derived in Goorden and Büttiker [Phys. Rev. Lett. 99, 146801 (2007)]. We include the Fermi sea in the leads into the theory and show how to calculate transport quantities and specifically cross-correlations. We focus on the zero-frequency current cross-correlation of two chaotic quantum dots and calculate the magnitude of its fluctuations with the help of Random Matrix Theory.
In recent work [1] we analyzed scattering of two electrons moving each in a separate conductor. The two conductors are in proximity of each other (see Fig. 1 ). There is no carrier exchange between the conductors but possibly interaction through the long-range Coulomb force. We assume that carriers in the leads are perfectly screened and thus in the leads they are effectively noninteracting. However, when both electrons are simultaneously inside the conductors, both conductors might have a net charge affecting electron motion in the other nearby conductor. The presence of an excess electron in one dot changes the scattering properties of the electron in the other. This interaction correlates the two electrons. In our recent work we presented a discussion of the resulting correlation in terms of a two-particle scattering matrix. In the absence of interaction the two-particle scattering matrix is just a product of single-particle scattering matrices. Weak interaction adds a term to this matrix proportional to the interaction strength and proportional to the product of the density of states matrices of the two conductors [1] .
The physical observable of interest is the current crosscorrelation between the two conductors. For two parallel conductors in the Coulomb blockade regime this correlation has recently been measured [2] . Below we present a calculation of the current cross-correlation for dots which are connected to leads via quantum point contacts with several open channels. In such a case, both the Coulomb interaction within each dot as well as the Coulomb interaction between the electrons in the two different dots is effectively weak [3] . It is then sufficient to find the current cross-correlation to leading order in the interaction strength. Our formulation permits us to treat quantum interference effects in each conductor using Random Matrix Theory.
However, the two-particle scattering states are not sufficient to find the current cross-correlation between the two conductors. The incoming state in a transport experiment is fundamentally a many particle state. In the zero temperature limit each incident state with an energy in the transport window is occupied with probability one. Hence it is necessary to demonstrate how a two-particle scattering matrix is nevertheless an useful object. In this work we extend our earlier discussion [1] by including the 
Fermi sea.
Configurations which can be viewed as two parallel and separate conductors are of interest in a number of experiments in addition to Ref. [2] . We mention only briefly the problem of Coulomb drag [4, 5] . Of special interest are geometries in the quantum Hall regime where separately contacted edge states might be viewed as separate conductors. In adiabatic geometries, over large distances, edge states do not exchange carriers. Examples are quantum dots where an inner interfering edge state is dephased by an outer noisy edge channel [6] or a MachZehnder interferometer [7, 8, 9, 10, 11, 12, 13, 14] which interacts with a current carrying edge channel [15, 16] . It is important to note that these arrangements differ from the more widely discussed quantum measurement problem where a conductor, a quantum point contact or a quantum dot, is used to measure a (charge) qubit since in the problems of interest here both conductors carry current. Nevertheless also here one conductor can be viewed as the detector testing the transport state of the other conductor. For some problems, especially if screening in the two conductors is poor, it might be necessary to go beyond the weak interaction limit and beyond an approach based on two-particle collisions. Indeed some works [15, 16, 17, 18, 19] investigate many particle scattering processes to account for the experimental observations.
In the future it will certainly be possible to inject single carriers into scattering states and guide them toward a region where they interact. The two-particle scattering matrix would then be the obvious object to describe such a scattering experiment. Single-particle injection can be achieved by replacing electron reservoirs by single electron devices (pumps) in the Coulomb blockade regime or by mesoscopic capacitors [20, 21] subject to large amplitude pulses [22, 23] . The latter have the advantage that carriers with well-defined energy are injected.
Our interest is in two-particle effects with the two particles located in separate conductors, but two-particle processes within one conductor have also been investigated [24] . In this case, even in the absence of interactions, indistinguishability of carriers leads to exchange interference effects in correlations [25] . In particular in non-interacting systems shot noise is a probe of two-particle physics [25] . Indeed there exist geometries which permit an explicit demonstration of statistical twoparticle correlations: a geometry in which conductance exhibits no Aharonov-Bohm effect but current correlations exhibit a two-particle Aharonov-Bohm effect was proposed and analyzed in Ref. [26] and recently experimentally demonstrated in Ref. [27] . In a non-interacting system a correlated N-particle scattering event requires the observation of a N-th (or higher) order cumulant of a current correlation [28, 29] . In contrast such a conceptually appealing hierarchy does not exist in interacting systems. For some time, the properties of interacting two-particle states have been of interest in disordered and chaotic systems [30] . Here it seems possible that at least for certain scatterers (isolated dots) one can go beyond the two-particle, weak interaction approach and discuss an N-particle scattering matrix [31, 32] . However these discussions [30, 31] do not include a Fermi see. In impurity problems [33, 34, 35] where one deals with a Fermi sea, it is often not possible to give scattering states explicitly.
Below we present the model and give the main results for the two-particle scattering matrix from our previous work (Section I). Inclusion of the Fermi sea is discussed in Section II and a general expression for cross-correlations is derived in Section III. In Section IV we focus on the zero-frequency current cross-correlation and in Section V we investigate the case of two cavities with many channel contacts and evaluate the cross-correlation with the help of Random Matrix Theory.
I. MODEL
The type of system we consider is depicted in Fig. 1 . Two scatterers are both coupled to two non-interacting leads. The derivation in this paper is valid for any scatterer, but we will refer to them as quantum dots. The first (second) system has N 
Ingoing and outgoing carriers of the non-interacting dots are related by the single-particle scattering matrices;
We assume a coupling between dots of the form λQ IQII /e 2 . Here λ is a coupling energy andQ I/II are the total charge operators on the dots.
The two-particle scattering matrix is the starting point of this paper and we will therefore first summarize its properties. Although the derivation in Ref. [1] is for single-channel leads, it is straightforward to extend it and to show that the final result is also valid for the multi-channel leads considered in this paper. Incoming and outgoing two-particle states are related via the twoparticle scattering matrix δS,
(1)
The first part of this equation describes the scattering in the non-interacting dots and the second part captures the effects of the interaction. While the total energy of the particles is conserved in the scattering process, there can be an exchange of energy ǫ. Up to first order in the coupling energy λ, the two-particle scattering matrix depends on the non-interacting scattering matrices via the relation
In this notation the close connection with the density of states matrix [36, 37] 
is apparent. The diagonal element N ii of this matrix is the part of the density of states associated with incom-ing carriers from channel i. Charge fluctuations of noninteracting dots at frequency E − E ′ can be described by its off-diagonal elements. In the limit E → E ′ it reduces to the famous Wigner-Smith delay time matrix [38, 39] . For later use we also give the definition of the closely related charge fluctuation operator,
The density of states matrix and charge fluctuation operator for dot II can be defined in an equivalent manner.
II. OUTGOING WAVE FUNCTION
As already mentioned in the introduction the incoming state in a transport experiment is not a twoparticle state but contains many particles. The incoming multi-particle state will scatter into an outgoing multiparticle state. The relation between multi-particle and two-particle scattering for non-relativistic particles in a two-particle potential has been addressed in Ref. [40] , where multi-particle scattering amplitudes are expressed in terms of the two-particle scattering matrix. In first order in the interaction, only the terms with two particles interacting, while the other particles are unaffected by the interaction, survive (the so-called disconnected diagrams). We will use this result to determine the outgoing wave function.
Our approach has many elements in common with the redefinition of the vacuum [41, 42] used in the context of quasi particle entanglement, but in contrast to these works we do not assume that we are in the tunneling limit. At zero temperature the wave function of the leads in terms of incoming operators a † and c † is given by
(5) We assume equal Fermi energies E F in all leads, while
is the bias voltage and E I/II m the channel threshold in channel m of dot I/II. We can rewrite the wave function in terms of the outgoing b † and d † operators as
The first part is the non-interacting outgoing state,
The interacting part is given by
We have defined |δψ iE1,jE2 to be the change in outgoing wave function if an incoming particle with energy E 1 in channel i of dot I interacts with an incoming particle with energy E 2 in channel j of dot II, while all the other particles are unaffected. Eq. (10) expresses the fact that the outgoing state is a combination of all possible twoparticle processes.
Let us proceed to calculate |δψ iE1,jE2 . We write
The state |ψ
In fact it is almost equal to |ψ I , except for one term in the product; one should make the substitution φ
We can therefore write
Similarly, |ψ ′ II l,E2−ǫ is almost equal to |ψ II , except for the term φ II l (E 2 ) and therefore
So in this notation the incoming particles in channels i and j have scattered into channels k and l exchanging an energy ǫ. The amplitude of this process is given by δS ki,lj (E 1 + ǫ, E 2 − ǫ, E 1 , E 2 ). The summation over all possible outgoing channels and energies is necessary to capture all possible scattering events.
We use the fact that φ
in front of the first |0 in Eq. (11) . Using the Fermionic anti-commutation rules, one can easily show that φ
Using these properties we can reorder our operators. Similarly we insert φ
the second |0 in Eq. (11) and after reordering we find
To obtain the last equality we have used Eqs. (2) and (9) and the single-particle scattering matrices to rewrite everything in terms of ingoing operators a † and c † (this is allowed because we are only interested in terms linear in the interaction). Combining Eqs. (10) and (14) we find
To summarize this section, we have written the interacting part of the outgoing wave function as the charge fluctuation operators of the two dots, defined in Eq. (4), multiplying the non-interacting wave function |ψ I ψ II .
III. CROSS-CORRELATION
Having determined the wave function we are ready to calculate expectation values. We are interested in an expectation value of the formÂ IBII . Here operatorÂ 
The subscript NI stands for non-interacting, hence A II we find that the interaction has no effect, i.e. the norm of the wave function is conserved up to linear order in λ, due to the unitarity of the two-particle scattering matrix.
In this paper we are interested in cross-correlations, i.e. one has to substract the product Â I B II . The expectation value Â I can also be calculated with the help of Eq. (16), by taking the operator of the second system to be the unity operator 1 1 II . We find
We have defined δÂ (17) shows that to calculate correlations, one has to calculate the commutator [, ] and anti-commutator {, } of the operator of interest and the charge fluctuation operator.
To summarize, we have calculated expectation values of non-interacting operators with respect to an interacting wave function. The final result Eq. (17) however contains operators modified by the interaction and noninteracting wave functions. This suggests that the effects of the interaction can be completely incorporated into the operators. We define the effective operatorŝ
The first part of these equations is just the noninteracting operator while the second part describes the effect of the interaction. These effective operators give exactly the same result as Eq. (17), when evaluated with respect to the non-interacting wave function, i.e. 
We have again defined δÂ I , we find a cross-correlation (in linear order in λ). In the next few paragraphs we will consider current cross-correlations and we will find that the effective operators are very convenient to express the cross-correlation and directly point to the origin of the correlations.
IV. ZERO-FREQUENCY CURRENT CROSS-CORRELATION
The current operator in the left lead of dot I is given by [43] 
In an equivalent way a current can be defined for the second dot. We are interested in the zero-frequency current cross-correlation [43] 
Eqs. (17) and (18) describe cross-correlations of outgoing operators only and can be used to calculate the cross-correlation between outgoing currents. Since
will not contribute to the cross-correlations, the same is true for the incoming current on dot II.
We calculate the effective operators of Eq. (18) witĥ
We will need the commutator
where
is the noninteracting conductance [43] . The element S I RL is the block of the scattering matrix connecting channels in the right and left lead. We find effective current operatorŝ
These expressions for the effective current operator are very intuitive: due to the interaction a fluctuation in the number of charges on dot I (II) causes a fluctuating potential energy for charges entering the other dot proportional to λN I (λN II ) and if the conductance is energy dependent a charge fluctuation on one dot will lead to a current fluctuation on the other dot.
The cross-correlation linear in λ is due to the correlation of the charge fluctuations and the non-interacting current fluctuation,
We calculate
Here f
is the zero temperature Fermi-function at mode i of dot I. Combining Eqs. (28) and (29) we can write the zerofrequency current cross-correlation in terms of the noninteracting scattering matrices. Since we assume zero temperature we have to evaluate all quantities at the Fermi energy and we suppress the energy arguments. We find
While the previous derivation is valid for any type of scatterer, we will now assume specific systems: two chaotic quantum dots. We use Random Matrix Theory (RMT) to calculate mesoscopic averages [44, 45] by integrating the scattering matrices over the Circular Unitary Ensemble (CUE). To distinguish the ensemble average from the expectation values, we denote it by . . . The behavior of P I1I2 is illustrated in Fig. 2 . To imitate a real experiment we assume that the variation in ). To numerically evaluate scattering matrices at different energies, we start from two M × M random Hamiltonians H I , H II , with the distribution of the Gaussian Unitary Ensemble (GUE). The scattering matrix at energy E is related to the Hamiltonian via the relation [46] 
= N
I/II δ I/II /2π, suggesting that two scattering matrices with different energies are truly independent if the energy difference exceeds E T . This is indeed a well-known property of mesoscopic systems [47] . The magnitude of the fluctuations is set by w which we will proceed to calculate.
To determine the magnitude of the fluctuations we cal-
We have suppressed the superscript I/II because the ensemble averaged result is the same for both dots. Putting everything together we find for the magnitude of the fluctuations
The magnitude of the fluctuations decreases as 1/(N I N II ) 2 and is maximal for symmetric dots. A similar dependence of 1/N 4 was found for the fluctuations of the magnetic-field asymmetry of the nonlinear conductance of a mesoscopic conductor [48, 49] .
In the experiment of Ref.
[2] the zero-frequency crosscorrelation of two coupled quantum dots is also shown as a function of gate voltages, similar to Fig. 2 . The crosscorrelation can also be positive or negative, but does not exhibit the random fluctuations illustrated in Fig. 2 . In contrast, planes with negative and positive sign are ordered in a checkerboard pattern. In the experiment the leads have tunnel barriers and transport is predominantly through one level in the quantum dot. The energy scale of the interaction is not small with respect to the applied voltage and we can therefore not apply our theory to that particular set-up. In this paper we have studied the cross-correlation in another regime where we find a different result.
VI. DISCUSSION AND CONCLUSION
We would like to comment on the validity of our approach. We have only considered two-particle interactions between particles in different conductors and we have neglected the intra-dot interactions. Since we are interested in cross-correlations, this is certainly a good approximation if both the inter-dot and intra-dot interactions are small. In that case a perturbative approach in both types of interactions is sufficient, and only the leading order result in inter-dot interactions will contribute to the cross-correlations. However, the intradot interaction is typically not small. To leading order in the inverse number of channels [3] , in the open quantum dots considered here, the interaction inside a dot is well described by a Hartree potential which can be incorporated into an effective scattering matrix.
To conclude we have derived the multi-particle outgoing wave function for two weakly coupled conductors and used it to calculate cross-correlations for transport experiments. We have defined effective operators which give the same result when evaluated with respect to the non-interacting wave function. We have specifically focused on the zero-frequency current cross-correlation of two chaotic quantum dots. This correlation fluctuates from sample-to-sample and is zero on average. We have quantified the magnitude of the fluctuations and verified the behavior numerically. The increasing sensitivity of noise measurements should bring a detailed investigation of the current correlations discussed here within experimental reach.
